In this paper, a rational analysis procedure is presented for modeling the shear behavior of steel fiber-reinforced concrete (SFRC) Keywords: finite elements; shear strain; shear strength; steel fiber; steel fiber-reinforced concrete (SFRC).
INTRODUCTION
It is well known that steel fiber-reinforced concrete (SFRC) exhibits ductile tensile behavior even after cracking because of the pullout behavior of steel fibers bridging the cracks. For the past several decades, much research has been conducted to evaluate the tensile behavior of SFRC through experimental programs [1] [2] [3] [4] [5] or analytical model developments. [5] [6] [7] [8] [9] [10] In CEB-FIP Model Code 2010, 11 as the result of these investigations, the tensile resistance of SFRC is included in the design of concrete structures; the tensile stress of SFRC can be evaluated from the results of fourpoint bending tests on notched beams in accordance with BS EN 14561. 12 Several researchers focused on whether steel fibers can be used to replace shear reinforcement in a reinforced concrete beam; Dinh et al. 13 measured the ultimate shear strength of SFRC beams with conventional reinforcement while Susetyo et al. 14 experimentally investigated the shear behavior of SFRC panels with conventional reinforcement. ACI 318-11 15 conditionally allows the use of steel fibers of 0.75% in volume as minimum shear reinforcement in reinforced concrete beams.
Although remarkable progress has been made in SFRC research, as described previously, SFRC is not yet widely used in structural applications because it is still difficult to theoretically predict the structural behavior of SFRC members with conventional reinforcement. Evidence of this was given by Susetyo et al., 16 who analyzed the SFRC panels they tested by implementing the Variable Engagement Model (VEM) 7 and direct tension test results within a nonlinear finite element analysis method based on the Disturbed Stress Field Model (DSFM). 17, 18 They found that the analysis results were significantly affected by the selection of tension stiffening/softening models, shear slip on crack surfaces, and crack spacing parameters. This indicates the necessity to develop a more rational analysis procedure to predict the structural behavior of SFRC members with conventional reinforcement, especially in regards to the shear behavior, as many research efforts 13, 14, 16 have focused on SFRC to partially or entirely replace the shear reinforcement in concrete members.
In this paper, therefore, an advanced analysis procedure for the shear behavior of SFRC panels with conventional reinforcement is presented. For the development of the analysis procedure, stresses and strains in the panels are explored in depth through a theoretical approach, and then recently developed models based on the Diverse Embedment Model (DEM) 8, 9 are employed to evaluate the structural behavior of SFRC with or without conventional reinforcement.
STRESSES AND STRAINS IN SFRC PLANAR ELEMENTS Stresses in SFRC element
To analyze the shear behavior of an SFRC planar element, one must evaluate the stresses in three materials: namely, the concrete matrix, conventional deformed reinforcing bar, and steel fibers. Figure 1 shows the stress distribution in each material in the principal tensile direction. As illustrated in the figure, with no consideration given to tension softening effects, the stress in the concrete matrix is zero at a crack, while the stresses in the other two materials are highest at a crack. Between the cracks, because tensile stresses are shared by the concrete matrix due to the bond mechanism between concrete matrix and the other two materials, the stress contributions from the three materials vary along the principal tensile direction. For simplicity of calculations, and as already adopted and verified in the DSFM and the MCFT, 22 use of the "average stresses" concept, rather than a rigorous consideration of stress variation, was expected to work well. Therefore, the stresses in a SFRC element were idealized by employing a smeared crack model, as illustrated in Fig. 2 .
For the tensile stresses resisted by the concrete matrix and conventional reinforcement, the average stresses can be obtained from tension-stiffening and tension-softening models and bilinear or trilinear models, respectively. On the other hand, the tensile stress in steel fibers at a crack can be evaluated from the DEM or the simplified DEM (SDEM).
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In this paper, therefore, the coefficient α avg has been introduced to relate the tensile stress in steel fibers at a crack with the average tensile stress. Details will be presented in the discussion of constitutive relations that follow.
In addition to the average stresses, the shear stress and slip on crack surfaces should be considered because they could be significant factors influencing the shear behavior of SFRC panels subjected to shear. As presented in Fig. 3 , the shear stress on a crack surface can be evaluated through a comparison between the average stresses under smeared crack status and the local stresses at a crack, as in the following equation
where v ci,cr is the shear stress on crack surface that is resisted by the concrete matrix, including aggregate interlock.
In Eq. (1), the term (1 -α avg )f f sinθ f represents the contribution of steel fibers bridging a crack. Without steel fibers, the equation converges to the equation for normal reinforced concrete panel as presented in the DSFM. From the shear stress on the crack surface, shear slip on the crack surface can be calculated from the conventional model discussed in the "Constitutive relations" section that follows.
Strains in SFRC element
In the DSFM formulation, total strains and net strains are separately defined considering the effect of slip; the total strains are the apparent (measured) strains that include deformations due to slip at a crack, while the net strains are concrete strains deduced from the apparent strains by subtracting the strains due to the shear slip at a crack, as illustrated in Fig. 4 . The strains due to the shear slip at a crack are calculated as 
where γ s = δ s /s cr is an average shear slip strain; and θ c is an inclination of principal net tensile strain in concrete. Hence, the relationship between the total strains, [ε] , and the net strains, [ε c ], are as follows
where
T . For the evaluation of stresses within the three materials (concrete matrix, steel fibers, and conventional reinforcement) in a SFRC planar element, the total strains are compatible with the constitutive law for conventional reinforcement while the net strains are compatible with the constitutive laws for concrete matrix and steel fibers.
CONSTITUTIVE RELATIONS Models for SFRC without conventional reinforcement
SFRC can exhibit a ductile compressive behavior after peak stress that is quite different from that of normal concrete because the steel fibers mitigate against post-peak splitting cracks. In addition, the strain at the peak stress of SFRC is generally greater than that of normal concrete. 23 To reflect the effect of steel fibers on the compressive behavior, the model proposed by Lee et al. 23 has been adopted, which had been developed from the test results of 48 cylinder specimens with 150 mm (6 in.) diameter and 300 mm (12 in.)height.
where -ε c1 /ε c2 > 0.28. The elastic modulus of SFRC and the strain at the compressive strength, if not known, can be estimated from Eq. (6) and (7) 
To represent the tensile behavior of SFRC which exhibits ductile behavior even after cracking, the formulations of the DEM 8,9 and the SDEM 10 have been adopted. In the DEM, the tensile stress at a crack due to steel fibers can be rigorously calculated for a given crack width, through a double numerical integration scheme, to evaluate the average fiber tensile stress at a crack as follows
Because the double numerical integration makes the calculation quite demanding, the DEM was simplified to the SDEM in which the bond mechanism for the pullout behavior of steel fibers and mechanical anchorage effect due to end-hooks are separately evaluated, as follows 
Fig. 4-Strains in SFRC element: (a) SFRC element deformation; (b) net strain for SFRC; (c) strain due to slip; and (d) total strain.
It should be noted that the SDEM is applicable in most cases but only the DEM is suitable for SFRC in which fiber rupture is expected; fiber rupture is not considered in the SDEM.
As illustrated in Fig. 1 , the tensile stress due to steel fibers varies between cracks, so the average for the tensile stress due to steel fibers through cracks should be evaluated. Employing the DEM, it is possible to evaluate the magnitude of the tensile stress transmitted from the steel fibers to the concrete matrix between cracks, as illustrated in Fig. 5 . Based on the results of the DEM, a simple model for the coefficient α avg over the average crack spacing has been derived as
It should be noted that Eq. (14) is applicable to both fiber tension models: DEM and SDEM. Consequently, the average tensile stress due to steel fibers over the average crack spacing can be calculated by multiplying the result of Eq. (8) or (9) with the coefficient α avg .
In addition to the tensile stress carried by the steel fibers, the tensile stress taken by the concrete matrix should also be taken into account to evaluate the total tensile stress sustained by the SFRC. For this, the following tension softening model 7 can be employed. 
where the coefficient c is 15 and 30 for concrete and mortar, respectively. Consequently, the tensile stress of SFRC without conventional reinforcements can be evaluated by superposing the contributions of steel fibers and concrete matrix, as follows
Models for SFRC with conventional reinforcement
In SFRC members with conventional reinforcement, the local increase in tensile stress within a reinforcing bar at a crack is transmitted back into the concrete matrix between cracks; this mechanism is commonly referred to as the tension-stiffening effect. Therefore, the average tensile stress of concrete matrix due to the bond mechanism between the concrete matrix and the conventional reinforcement should be evaluated. For the average tensile stress due to the tension stiffening effect, the following model 19 is employed. 
where the coefficient c f considers the effect of steel fibers, evaluated as c f = 0.6 + (1/0.034
] for end-hooked fibers. The bond parameter M is calculated from M = A c /(∑d bs π), in millimeters. For reinforced concrete members without steel fibers, the above equation converges to the conventional tension stiffening model 17, 18, 24 as c f becomes 0.6. It is noted that the tensile stress due to the tension stiffening effect should not be less than the tensile stress due to the tension softening effect. 17, 18 Consequently, the tensile stress in the concrete matrix can be evaluated by considering both the tension-stiffening effect and the stresses transmitted by steel fibers, as follows
As local yielding of conventional reinforcement at a crack must also be considered, the upper limit of the tensile stress in a concrete matrix can be defined as follows
The tensile stresses carried by steel fibers and by tension softening are both calculated for a given crack width, while 
Consequently, the average crack width can be simply evaluated by multiplying the average tensile strain and the average crack spacing w cr = s cr ε c1 .
In SFRC members containing conventional reinforcement, multiple cracks occur with variable crack widths even under uniformly distributed stress condition. Because the tensile stress transmitted by steel fibers is also influenced by cracks, it is necessary to check whether the tensile stress resisted by steel fibers calculated for the average crack width is not greater than that for the maximum crack width. To consider the maximum crack width, the following model 25 has been adopted in this paper.
Models for shear slip at crack in SFRC with conventional reinforcement
In SFRC panels with conventional reinforcement, the effective direction of the tensile stress taken by steel fibers across a crack may deviate from the principal tensile stress axis within the concrete because of shear slip at a crack, as presented in Fig. 3 . Therefore, it is important to consider the effect of steel fibers on the shear slip at a crack. Because shear stress at a crack resisted by fibers bridging a crack has been already subtracted in Eq. (1), by employing the shear stress-slip model for normal reinforced concrete proposed by Vecchio and Lai, 26 the shear slip at a crack can be evaluated for the shear stress at the crack calculated from Eq. (1). Therefore, the shear slip at a crack can be calculated accordingly, as follows Because θ f is combined with only the tensile stress due to steel fibers, f f , all the equations in this paper converge to the equations for normal reinforced concrete members if no steel fibers are provided.
Models for conventional reinforcement
To represent the average tensile stress-strain relationship of conventional reinforcement, a trilinear model can be employed as the following equations
FINITE ELEMENT IMPLEMENTATION Once the principal strains are calculated and the appropriate constitutive laws are applied for principal compressive and tensile responses, the analysis of a cracked SFRC panels proceed as for an orthotropic element in the manner described by Vecchio. 18 From the principal stresses and strains, the local material stiffness matrix for concrete can be evaluated by employing secant moduli, as illustrated in Fig. 6 . where E f1 = α avg f f /ε cf ; and ε cf = (
After transforming the local material stiffness matrices to the global axis, the global stiffness matrix for a SFRC panel is obtained as follows 
where ψ = θ c for the concrete (that is, inclination of the net principal tensile stress); ψ = θ c + θ f for steel fibers (that is, inclination of the tensile stress due to steel fibers; refer to With the global stiffness matrix for a SFRC element established, the relationship between the stresses induced by external load and the total strains can be expressed as follows
COMPARISON WITH SFRC PANEL TEST RESULTS Test panel details
For verification of the proposed analysis procedure, eight SFRC panels tested by Susetyo et al.
14 were analyzed. The test variables, summarized in Table 1 , were concrete compressive strength (with target strengths of 50 and 80 MPa [7.25 and 11.60 ksi] for C1 and C2, respectively), fiber volumetric ratio (0.5, 1.0, and 1.5% for V1, V2, and V3, respectively), and fiber type (end-hooked fibers: F1, F2, and F3). The SFRC panels were 890 x 890 mm square and 70 mm thick (35 x 35 x 2.75 in.), and contained longitudinal steel reinforcement in the ratio of 3.31% with a yield strength of 552.2 MPa (80.1 ksi); no transverse reinforcement was provided. The panels were loaded in a pure shear stress condition, using a monotonically increasing forcecontrolled protocol, until the panels failed. Material properties for concrete and steel fibers are given in Table 1 . Details of the SFRC panels and a representative failure mode are presented in Fig. 7 .
Comparison of analysis results and test results
In Table 2 and Fig. 8 , the shear strengths and strains at failure predicted by the proposed analysis procedure are presented and compared with the test results. As evident in the table and figures, the analysis results are in good agreement with the tests; for the eight specimens, the ratio of the calculated shear strength to measured shear strength had a mean of 0.99 and a coefficient of variation (CoV) of 0.11; for the shear strains at peak stress, the ratio had a mean of 0.99 and a CoV of 0.24. Figures 9 and 10 provide comparisons of the calculated and experimentally observed responses for all panel spec- imens. As seen in Fig. 9 , the shear stress-strain responses of the SFRC panels were predicted well by the proposed analysis procedure. The minor deviations observed are mainly due to variances in the predictions of the SFRC tension model (that is, DEM), as revealed in Fig. 10 . The total tensile stress in SFRC (that is, the sum of tensile stresses due to steel fibers and concrete matrix) was overestimated for C1F1V3, whereas it was underestimated for C1F3V3. The shear at failure for C2F1V3 was underestimated because of rupture of the steel fibers, which is more difficult to capture analytically. Panel C1F1V1 exhibited a relatively brittle behavior after cracking because of its low fiber volumetric ratio; for this panel, there is some difference in the peak strain response, although the predicted strength accurately matches with the test result. Panel C1F3V3 was overestimated because it exhibited principal tensile stress higher than C2F3V3; for this panel, some test anomalies may have occurred. Overall, from Fig. 9 and 10, it can be inferred that any discrepancy in the shear behavior of SFRC panels between the predictions and the test results is mainly due to error in the evaluation of tensile stress provided by steel fibers, and is not symptomatic of the developed analysis procedure. In spite of these discrepancies, the predictions for the shear behavior of SFRC panels are generally within an acceptable range. In general, the shear stress-strain response were well predicted when the uniaxial tensile behavior of SFRC was well predicted. Consequently, it can be concluded that the actual structural behavior of SFRC panels subjected to pure shear is well predicted by the proposed analysis procedure, not only for the shear stress-strain response but also principal tensile stress-strain response in the panels. 
CONCLUSIONS
In this paper, an advanced analysis procedure has been developed for modeling the shear behavior of SFRC elements. Different from the approach generally adopted in previous works in the literature, where the tensile stress of concrete was simply increased to consider the contribution of steel fibers, the contributions of the three materialsconcrete matrix, conventional reinforcement, and steel fibers-were considered separately in the proposed analysis procedure. For the evaluation of the stresses due to steel fibers, the constitutive models for the tensile behavior of SFRC (DEM and SDEM) and cracking behavior models for SFRC members with conventional reinforcement (tension stiffening model and crack spacing model) were employed so that the contribution of steel fibers was rigorously taken into the account.
The proposed analysis procedure was verified through comparisons with the test results of SFRC panels. With the proposed analysis procedure, not only the shear strength but also the shear strain at failure were predicted sufficiently well. In addition, it was shown that the proposed analysis procedure captures well the principal tensile stress-strain response of SFRC, which is a dominant behavior in SFRC panels with conventional reinforcement.
Consequently, it is concluded that the actual shear behavior of SFRC panels can be modeled reasonably accurately by the proposed analysis procedure. Because it can be easily implemented in sectional analysis programs or finite element analysis programs that are based on a smeared rotating crack approach, the proposed analysis procedure will be useful for predictions of the actual SFRC members or structures with conventional reinforcement. 
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